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How do we model competition between products? 
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A Simple Model: SI1|2S 
 

•  Modified SIS (flu-like) model 
•  Susceptible – Infected1 or 2 – Susceptible 
•  Interaction Factor ε 

•  Full mutual immunity ε = 0 
•  Competition ε < 1 
•  Cooperation ε > 1 

 
 

Previous work focused on simpler cases 

ε = 0 
Viruses are mutually exclusive 

Winner takes all 

ε = 1 
Viruses are independent 
Co-exist independently 
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ε = 2 
Viruses cooperate 
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Our Result: A phase transition exists where viruses can co-exists! 

Given our SI1|2S model and a fully 
connected graph, there exists an εcritical 
such that for ε ≥ εcritical, there is a fixed 

point where both viruses survive. 

and possibly one for which I1, I2 > 0 and obeys the di↵er-
ential equations outlined:

0 = �1S(I1 + I12) + �2I12 � �1I1 � ✏�2I1(I2 + I12) (4)

0 = �2S(I2 + I12) + �1I12 � �2I2 � ✏�1I2(I1 + I12) (5)

0 = ✏�1I2(I1 + I12) + ✏�2I1(I2 + I12)� (�1 + �2)I12 (6)

We rework these equations to be primarily in terms of
1, 2, i12, where 1 = (I1 + I12)/N , 2 = (I2 + I12)/N ,
i12 = I12/N . As such, each of these terms represent a frac-
tion of the population that is infected. We first convert the
constraints to

N1�1[1� 1 � (1� ✏)i2] = �11 (7)

N2�2[1� 2 � (1� ✏)i1] = �22 (8)

✏N(�11i2 + �22i1) = (�1 + �2)i12 (9)

where i1 = I1/N and i2 = I2/N .
Manipulating (9) to remove i1 and i2, we find

✏12[�1�1 + �2�2] = i12[�1+�2 + ✏�1�11 + ✏�2�22] (10)

Remember, because we are working with a clique the virus
strengths are �1 = N�1/�1 and �2 = N�2/�2.

4.2 Results
From these constraints, we look to find a lower bound on ✏,

such that for any less competition there can be coexistence.

Theorem 1 (Epsilon Threshold Theorem). Given a
fully connected graph with the SI1|2S model parameters �1 �

�2, an equilibrium point for which 1,2 > 0 exists if ✏ >
✏critical, where

✏critical =

(
�1��2

�2(�1�1)
if �1 + �2 � 2

2(1+
p
1��1�2)

�1�2
if �1 + �2 < 2

(11)

Proof. In Lemma 3 we give the possible fixed point for
coexistence. In Lemma 4 we show the constraints for the
fixed points to be real, which contribute to the bounds in
(11). In Lemmas 5 through 9 we give the proofs for the con-
straints on the fixed points being positive, and in Lemma 10
we give the proof that the fixed points are less than one.

Next we describe all of the Lemmas, which contribute to the
proof.

Lemma 2. If a fourth equilibrium point exists, then it
should satisfy the follow equation:

✏(2 � 1) = 1/�1 � 1/�2 (12)

Proof. Since we are only looking for non-zero solutions
for 1 and 2, we can eliminate them in (7) and (8).

1� 1 � (1� ✏)i2 = 1/�1 (13)

1� 2 � (1� ✏)i1 = 1/�2 (14)

Subtracting, we get the lemma.

Lemma 3 (Coexistence Lemma). If an equilibrium
point exists for which both viruses coexist in the network,

1,2 > 0, it will be at:

i12 = ✏12


�1�1 + �2�2

�1 + �2 + ✏�1�11 + ✏�2�22

�
(15)

1 = 2 +
1
✏

✓
1
�2

�

1
�1

◆
(16)

2 =
�2✏�1�2 + ✏2�1�

2
2 ± ✏

p

�1�
3/2
2

p

4�4✏+✏2�1�2

2✏2�1�2
2

(17)

We will denote the solution to these three equations for fixed-
points as i⇤12, 

⇤
1, and ⇤

2 respectively.

Proof. Equation (15) is a simple rearrangement of equa-
tion (10), and equation (16) is a rearrangement of equation
(12). Plugging (15) and (16) into (13) allows us to solve for
2 resulting in (17).
For ⇤

2 (and by extension ⇤
1 and i⇤12) to be a valid fixed-

point, ⇤
2 must be: (a) real, (b) ⇤

2 � 0, (c) ⇤
2  1.

Lemma 4. In order for fixed-point solution ⇤
2, and by

extension ⇤
1 and i⇤12, to be real valued, either �1�2 > 1 or

✏ <
2(1�

p

1� �1�2)
�1�2

or ✏ >
2(1 +

p

1� �1�2)
�1�2

.

Proof. This constraint comes from the square root in
equation (17) for ⇤

2. We analyze the quadratic equation
4� 4✏+ ✏2�1�2 (in terms of ✏) from inside the square root.
It is a simple, upward-facing parabola. Solving for the roots
of the quadratic equation in terms of ✏ we find

✏ =
2(1±

p

1� �1�2)
�1�2

.

For �1�2 > 1 there is no solution because the equation is
positive for all values of ✏. Thus, if �1�2 > 1 then ⇤

2 must
be real valued. For �1�2 < 1 a portion of the parabola is
negative. Therefore, we require that ✏ be in the positive
region of the quadratic equation, where ✏ is less than the
lower root or greater than the upper root.

To find when ⇤
2 � 0, we consider the cases above for

which it is real. As we explained before, we will focus on
the lower bound for ✏.

Lemma 5. For strengths �1�2 > 1, fixed-point ⇤
2 is mono-

tonically increasing as a function of ✏.

Proof. Taking the derivative of (17) we get

±(�2 + ✏)
p

�2 +
p

�1

p

4� 4✏+ ✏2�1�2

✏2
p

�1�2

p

4� 4✏+ ✏2�1�2

.

Because �1�2 > 1, all of the square roots are real valued.
The denominator is clearly positive, so to prove that ⇤

2 is
monotonically increasing, we must show that the numerator
is positive. To show that the numerator is always positive
we would like to show that

±(�2 + ✏)
p

�2 <
p

�1

p
4� 4✏+ ✏2�1�2

or alternatively

1 <
�1

�2

4� 4✏+ ✏2�1�2

4� 4✏+ ✏2
.

Because �1 � �2 the first term is clearly > 1. For �1�2 > 1
(and of course ✏ > 0) this is trivially true.

Real World Example: Cooperating Viruses: ε > 1  

From simulations 
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Teamwork Setting: Neither virus can survive on its own (σ2 ≤ σ1 < 1)   

Piggyback Setting: Strong virus helps weak virus survive (σ2 < 1 ≤ σ1) 

Prediction from our model: 

vs 
(data from Google Insights) 


